Existence theorems of coupled fixed points  by Chen, Yong-Zhuo
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 154, 142-150 (1991) 
Existence Theorems of Coupled Fixed Points 
YONC-ZHUO CHEN* 
Department of Mathematics and Statistics, 
Bowling Green State University, 
Bowling Green, Ohio 43403-0221 
Submitted by V. Lakshmikantham 
Received March 23. 1989 
By associating with a mixed monotone operator a monotone operator on 
product space, several existence theorems of coupled fixed points are proved. 
0 1991 Academic Press. Inc. 
1. INTRODUCTION 
Recently, several authors [ 1,2,6, S] introduced the coupled fixed points 
for mixed monotone operators and discussed their existence theorems. 
Inspired by [7], we associate with a mixed monotone operator a 
monotone operator whose fixed points correspond to the coupled fixed 
points of the original operator. By using this idea, we prove some new 
existence theorems of coupled fixed points in this paper. 
Throughout this paper, E is a real Banach space which is partially 
ordered by a cone P, i.e., x d y iff y -XE P. P is said to be generating if 
E = P-P and to be normal if there exists a constant N> 0 such that 
6’ 6 x < y implies llxll < N 11 y 11, where 8 denotes the zero elements of E. 
Let DcE. An operator A: DxD + E is said to be mixed monotone if 
A(x, y) is nondecreasing in x and nonincreasing in y. Point 
(x*, y*) E D x D is called a coupled fixed point of A if 
x* = A(x*, y*) and y* = A(y*, x*), 
When x* = y*, i.e., x* = A(x*, x*), we say x* is a fixed point of A. The 
norm on Ex E is defined by 11(x, y)ll = llxll + Ilyl/, where x, YEE. 
* Present address: Division of Natural Sciences, University of Pittsburgh at Bradford, 
Bradford, Pennsylvania 16701-2898. 
0022-247X/91 $3.00 
Copyright 0 1991 by Academic Press. Inc 
All rights of reproduction in any form reserved. 
142 
THEOREMS OF COUPLED FIXED POINTS 143 
2. MAIN RESULTS 
Let E be a Banach space, which is partially ordered by a cone P. Put 
H= ((x, y)~lZxE)xB& y<Q}. (1) 
It is clear that p is a cone in E x E and defines a partial ordering in E x E 
by 
(Xl, VI) 6 (x2, Y*) iff x,<x, and Yl2 Y2. 
Let D c E and A: D x D --) E be a mixed monotone operator. We define 
A:DxD+ExEby 
A”@, 0) = (A(u, 01, Mu, ~11, 
where (u, u) E D x D. Assume that (x,, yr) 6 (x2, y2). Then 
4x2, Y,)~A(x,, ~z)>A(x,, Y,) 
and 
(2) 
It follows that A”(x,, y2)>?(xl, yr) and A’ is increasing. Now (2) tells us 
that (x*, y*)~ D x D is a fixed point of A” if and only if (x*, y*) is a 
coupled fixed point of A. These observations suggest the possibility that 
instead of investigating the coupled fixed point of mixed monotone 
operator A, we can discuss the fixed point of A” and apply the well-known 
theory of monotone operators in ordered Banach space directly. 
Let SC E be a bounded subset and a(S) denote the Kuratowski’s 
measure of noncompactness of S. The definition and properties of measure 
of noncompactness can be found in [S]. The following simple lemma is 
probably well known. For completeness, we give its proof here. 
LEMMA 1. a(A x B) < a(A) + a(B), where A and B are bounded subsets 
in E. 
Proof. Let a > a(A), b > a(B), and 6(S) denote the diameter of 
SC E. Then there exist a finite cover (X,, . . . . X,,,} of A such that 
maxl,ism {s(xi)} < a and a finite cover { Y,, . . . . Y,} of A such that 
maxr,,<,, {6(Yj)}<b. It follows that {X,X Yj: l<i<m, 1 <j<n) is a 
finite cover of A x B and S(Xi x Yj) c a + b. Hence a(A x B) < a + b. 
DEFINITION 1. Let X and Y be two Banach spaces. A continuous 
operator A : D c X -+ Y is said to be k-a-condensing if a(A(S)) < ka(S), 
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where S is a bounded subset of D, a(S) > 0, and k > 0 is a constant. When 
k = 1, we simply call A condensing. 
The following theorem is an extension of Theorem 1 in [S] and 
Theorem 1 (case (Hi)) in [2]. 
THEOREM 1. Let P c C be a normal cone and uO, v0 E E, u0 < v,,. Suppose 
that A : [uO, vO] x [u,, u,] --* E is ($-a-condensing and mixed monotone such 
that 
uo G A(uo, vo), A(vo, uo) G vo. (3) 
Then A has a coupledfixedpoint (x*, y*)~ [uo, vo] x [uO, v,] 
x*= lim u n and y* = lim u,, (4) n-rm n-cc 
where 
u,=4u,-1, h-1), %=4v,-l, u,-11, n = 1, 2, 3, . . . . 
which satisfy 
uo < 241s . . . & 24, < . . . < v, < . . ’ <VI < 00. (5) 
Moreover, (x*, y*) is minimal and maximal in the sense that x* <X < y* 
and x* 6 j < y* for any coupledfixedpoint (X, j) E [uO, vO] x [u,, vo] of A. 
Proof. Form cone H as in (1) and define A” by (2). Then P is normal 
since P is normal, and A” is increasing. It is also clear that (uo, uO) c (vo, uo) 
and 
(uo, vo) G A”@09 vo), A”(VO? uo) G (00, uo). 
Let KC [(u,,, uo), (v,, uo)] be a bounded set and denote K’ = 
{(y, x)) (x, y) E K}. Then a(K’) = a(K) and 
d(K) c A(K) x A(K). 
If a(K) > 0, we have 
a(m)} < a{A(K) x A(K)} 
< a{A(K)} + a(A(K’)} 
c ia + ia 
= a(K). 
Hence A” is condensing. 
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Applying Theorem 2.1.1 in [ 33, d has a maximal fixed point (x’, y’) and 
a minimal fixed point (x*, y*) in [(u,, uO), (u,, u,,)] such that 
(x*, Y*) = lim (4, u,), (x’, y’) = lim (u,, u,), (6) 
n+cc "-CC. 
where (~,,u,)=A”(u,_~,u,_~), (u,,u,)=~(u,_,,,,~,), n=l,2,3 ,..., 
which satisfy 
By (6), x* = y’, y* = x’, and (4) is satisfied. Furthermore, (7) is equivalent 
to (5), and 
x* = A(x*, y*), 
by the definition of A”. 
y* = A(y*, x*) 
Suppose that (2, j) E [u,, uO] x [uO, u,,] is a coupled fixed point of A, 
then (X, jj) is a fixed point of A”. Hence 
(x*, y*) < (2, j) < (x’, y’) = (y*, x*). 
Thus x*<z<y* and x*<j<y*. 
COROLLARY 1. Let P c C be a normal cone and A : P x P -+ P be a 
mixed monotone operator. Suppose that 
(i) A is ($)-a-condensing. 
(ii) There exist hE P and a positive bounded linear operator 
L : P - P --) E with spectral radius r,(L) c 1 such that 
A(u, 0) <L(u) + h, u E P. (8) 
Then there is a VE P such that A: [0, v] x [0, v] + [0, v] and A has a 
coupledfixed point (x*, y*) E [0, u] x [0, u], which satisfies (4) with u,, = 8 
and u0 = u. 
ProoJ Since r,(L) < 1, the equation (I- L)x = h has a unique solution 
v=(Z-L)-‘h=C,“,,L”hEP. Now 
A(o,O)<L(u)+h=u 
and A(@, u) E P implies that A(& u) > 8. Hence A satisfies (3) with uO = 8 
and vO = u. The conclusion follows from Theorem 1. 
THEOREM 2. Let uO, Q,E E, u,< uO, and A: [u,,, u,,] x [zq,, uO] + E be 
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a mixed monotone operator such that (3) is satisfied. Suppose that A is 
continuous and 
A(u+h,, t’-h,)aAA(u, v)+dll(hl, hz)ll)k, (9) 
where k, h,, h, E P, k # 8, and c?(r) is a nondecreasing continuous function 
which is positive for r >O. Then A has a coupled fixed point (x*, y*)~ 
[u,, v,] x [u,, v,,] which satisfies (4). 




A(u-h,, v+h,)<A(u, VI--Cl(llV,, Ml)k. 
By forming P and 2 as in the proof of Theorem 1, we have 
~((w4+(h,, -hz))=(A(u+h,,v-hz),A(v-h,,u+h,)) 
~~~~~,~~+~~ll~~,,~,~ll~~,~~~,~~-~~ll~~,,~,~ll)~~ 
= Mu, 01, A(v, u))+N(h,, Ml)06 -k) 
=&, v)+dlh, hz)llW, -k), 
where (h,, -h2), (k, -k) EF’. Hence A” has a fixed point (x*, y*)~ 
[(u,, v,,), (v,, uO)] due to Theorem 4.2 in [4]. This concludes the proof. 
THEOREM 3. Let D c E be a closed bounded set. Suppose that 
A : D x D + D is a mixed monotone operator which satisfies: 
(i) Each sequence with the form of either 
x,24x,, y,)>A2(x,, y,)2 .‘. >A”(x,, y,)2 ... 
or 
is relatively compact, where x,, y, E D (n = 0, 1, 2, . ..) and An+ l(x, Y) = 
A(A”(x, y), A”(y, x)) (n = 1, 2, 3, . ..) for (x, y) E D x D. 
(ii) There are uo, v. E D such that 
uo~vo,, A(uo, vo) duo, 4~0, uo) 2 vo. 
Then A has a coupled fixed point in D. 
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Proof. Let E x E be partially ordered by P and define A’ : D x D -+ D by 
(2). Consider the sequence 
(X0? YoP&,, Y1)>~2(X,, y,)> ... 3ax,, y,)> . ..) (10) 
where (x,, y,,) E D x D, n = 0, 1, 2, . . . . By induction, it is easy to see that 
A”“(& Y) = W(x, Y), A”(Y, x)), n = 1) 2, 3, . ..) 
for (x, y) E D x D. Hence (10) is equivalent to 
xo>A(x,, y,)3A2(x2, y,)3 .‘. >A”(x,, y,)> ..’ 
and 
Yo~A(Y,,x,)6A2(y2,x2)~ ... <A”(y,,x,,)< . . . 
By (i), sequence {(x0, y,), A”(x,, yr), A”‘(x2, y2), . ..> is relatively compact 
in D x D. It follows that A” is monotonically limit compact [IS, p. 2311 on 
D x D. Furthermore, assumption (ii) implies that 
au07 00) = (au,, uo), A(uo, uo)) d (uo, 001, 
By Theorem 38.2 in [S], A” has at least one fixed point in D x D. 
To conclude this section, we consider the couples fixed points for the 
operator A : E x E -+ E which is not necessarily a mixed monotone 
operator. 
THEOREM 4. Let P be a generating normal cone and L: E + E a positive 
linear operator whose spectral radius r,,(L) < 1. Suppose that A : E x E + E 
satisfies 
where x1,x2, y,, y2~E, xl>x2, and y, 6 y,. Then A has a unique coupled 
fixed point (x*, y*) E E x E, and for each initial point (uo, uo) E E x E, the 
sequence {(u,, u,,)} defined by 
u,=A(LI,L~), ~=A(v,-l,u,-l), n = 1, 2, 3, . . . . 
conuerges to (x*, y*). 
Proof First we note that (11) is equivalent to 
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where xl,x2,yl, Y*EE, x12x2, and y,<y,. Let EXE be partially 
orderedbyP.DetineA”:ExE+ExEby(2)and,?:ExE-+E~Eby 
k Y) = V(x), UY)), x, yeE. 
It is clear that 2 is a positive linear operator and r,(Z) = r,(L) < 1. Now 
(11) and (12) imply that 
-Qx,-x2, y,- Yz)d(X,, YJ-$x2, y,)d(x,-x2, y, -Y2), 
where xi, x2, y,, y,eE, xi kx,, and y, < y2. By Theorem49.3 in [S], A” 
has a unique fixed point (x*, y*)e E x E, and for each initial point 
(uO, Q,) E E x E. The sequence {(u,, u,)} defined by 
(U”, u,)=A”GL,,U”-I), n = 1, 2, 3, . ..) 
converges to (x*, y*). This proves the assertion. 
3. EXAMPLE 
Throughout this section, C(X) denotes all the real valued continuous 
functions on X, where X is an interval or a metric space. R denotes the set 
of real numbers and R+ is the set of nonnegative real numbers. 
In this section, we apply Corollary 1 to discuss the couples fixed points 
of the integral operator 
for t E Z= [O, a], where U, u E C(Z), k E C(Zx I), cp, Ic/ E C(Zx Rx R). 
Let E be the Banach space C(Z) and P be the cone of nonnegative 
functions. Suppose that 
(i) k is nonnegative and cp, +: Ix R+ x R+ + R+. 
(ii) Id4 uAQ u&N - cp(c ~~(0, u,(t))1 < WM - ~~@)l + 
~u,(t)-u2(t)~} for teZ, where b<i. 
(iii) cp(t, U, u) and I(/(& U, u) are nondecreasing in u and nonincreasing 
in u for t fz Z. 
(iv) There are nonnegative constants c,, c2, d,, and d2 such that 
df, u(t), 0) < cl 41) + 4 and ti(t, u(t), 0) G c,u(t) + 4 
for t E Z and u(t) 2 0. 





h(t) = d, + d, j-’ k(t, s) ds. 
0 
We assume further that 
(v) r,(L) < 1. 
It is clear that A : P x P + P is a mixed monotone operator by assump- 
tions (i) and (iii). 
The integral part on the right-hand side of (13) defines a compact 
operator G : P x P -+ P. Assumption (ii) implies that the operator 
F: P x P -+ P defined by F(u(t), u(t)) = cp(t, u(t), u(t)) is ($)-a-condensing. 
Now that 
44th 0) Q L(u(t)) + h(t) 
follows from (iv). Hence by Corollary 1, there is a positive function u E C(Z) 
such that A has a coupled fixed point (x*, y*)~ [0, u] x [0, 01, which is 
given by 
x*(t) = lim u,(t), y* = lim u,(t) 
n-m n+m 
uniformly on Z, where 
uo(t) = 0, u,(t) = u(t) = f L”@(r)), 
?I=0 
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